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Abstract
The generating functional of heavy baryon chiral perturbation theory at or-
der O(Q
2
) in the mean eld approximation (with a pseudoscalar source cou-
pling which is consistent with the PCAC-Ward identities on the current quark
level) has been exploited to derive Migdal's in{medium pion propagator. It
is shown that the prediction for the density dependence of the quark conden-
sate obtained on the composite hadron level by embedding PCAC within the
framework of Migdal's approach to nite Fermi systems is identical to that
resulting from QCD.
Chiral perturbation theory [1] was developed as a tool for constructing Green func-
tions in QCD. It is based on the assumption that the fundamental symmetry of
QCD, the chiral symmetry, is realized in the Nambu{Goldstone mode with the pi-
ons acting as Goldstone bosons. As long as Goldstone particles interact only weakly
with each other and the matter (fermion) elds, it is possible to expand correla-
tion functions in powers of the light quark masses and the external pion momenta





chiral eective lagrangian (subsequently denoted by L
MG
) containing the character-
istic momenta to second order (so called \next{to{leading" order) was constructed






reduction and in the S{channel the latter lagrangian can
be expanded in the pion eld and cast into the following form [3, 4] which is valid
to order O(Q
2








































N(x)N(x) +    : (1)
The quantity v

stands for the four-velocity of the nucleon (N) in the heavy baryon
limit, and reduces to v







denote the mass and weak decay constant of the pion eld 
a
(x) at zero matter
density. The constant coecient  is linear in the quark masses and therefore of the
order O(Q
2
). It serves to increase the nucleon mass over its SU(2) chiral limit value
of m
0




+  > m
0
. By this requirement the sign of  is xed
to be positive. Thus modulo O(Q
3





























dier from those dened in ref. [3] by O(Q
3
) terms. The relevant generating
functional at the order O(Q
2






























Here, N is an overall normalization factor, U;N;

N are dummy integration elds
for the pions in the non-linear representation and the nucleons in the heavy baryon




are dened in such a way
that they do not only depend on the elds, but also on the scalar (s), pseudoscalar
(p), vector (V

) and axial vector (A

) sources. The sources  and  generate one{







(which we denote the lagrangian of Gasser, Sainio
and

Svarc [6]), is given by the nucleon kinetic energy term (which is of leading order,
O(Q)) and to subleading order, O(Q
2































































































































are the up{ and down-quark masses,
respectively. Note that the sources are coupled in such a way that the lagrangian |
including the sources | is in fact even locally chiral invariant [1]. Setting the vector




, to zero, using the scalar source s to generate




) and nally expanding U to second
order in 
a



































Here, we introduce a \renormalized" pseudoscalar isovector j
a
which is related to
















is the vacuum coupling constant of the pseudoscalar density to the pion [1],










. Note that via the generating functional formalism of [1]
(where the symmetry-breaking quark{mass terms are accounted for by the scalar
source s) the chirally symmetric structure of the source couplings at the QCD level
(which is even local if the axial vector and vector source transform covariantly)
is manifestly kept at the eective lagrangian level { in case all sources are non{
zero, of course. Thus the pseudoscalar source p
a
at the eective lagrangian level
is to be identied at the QCD level with the source which directly couples to the
pseudoscalar quark density. Therefore the PCAC-Ward identities between the am-
plitudes involving on the one hand the axial current and on the other hand the
pseudoscalar density are kept unaltered in the framework of the eective lagrangian
L
GSS
. This lagrangian will automatically generate the PCAC-consistent amplitudes,
e.g. the isospin-symmetric S{wave N amplitudes at the Weinberg, Adler, Cheng-
Dashen point and at threshold, see ref. [7]. All the measurable quantities, however,
are of course independent of the special choice of the pseudoscalar source coupling
(see ref. [8]) and will follow from L
GSS
as well as L
MG




Now in the mean eld limit, where

N(x)N(x) (which is equal to N(x)
y
N(x) in
the heavy-baryon formulation) is approximated by the local matter density (x),
the chiral lagrangian L
GSS
if rewritten in terms of the U eld takes the manifestly




























































The weak axial vector decay constant of the in-medium pion is the time{like one
because of the special case of the S{channel considered and is identied from the

















































is the to Z
e
analogous generating functional in the mean-eld approxi-
mation | see ref.[7] for more details. In complete analogy, the in{medium conden-
sate can be read o from the second term of eq. (5) as follows
h
e
0 j qq j
e
















(see [10] for earlier work on this subject). Here, the \tilde" is used to denote the
in{medium states, while the vacuum quark condensate is given by

























(see ref.[7]). The propagator of a charged pion in the medium is developed from the






























































































































































































The in{medium pion mass m


is determined by the pole of this propagator and is











































) ) and eq. (13) the explicit in{
















































stands for the averaged quark mass. Finally, the PCAC-consistent pion

























Whereas the denominator of the propagator (10) and especially its pole position
is independent of the GSS-choice for the pseudoscalar source coupling and there-
fore also of PCAC, the numerator and g


result from the specic structure of the
pseudoscalar source coupling and thus are scheme{dependent, here PCAC{scheme{
dependent. Note that in case the eective lagrangian L
GSS
were replaced by the
lagrangian L
MG















in the numerator of the propagator
(10) and in the denition of g


() in eq. (12) would be absent, indicating that the





, is not respecting PCAC.
The results of eqs.(7{8) and (13{14) which all refer to measurable quantities do of





did not enter in any of the derivations) and would follow
from the \MG"-lagrangian as well [7].
Now one can compare the expression (10) with the standard form of Migdal's



























































. By doing so, one can immediately read o the following




























































































































































Now one possibility to evaluate the GOR relation on the composite hadron level
















and to exploit the Migdal propagator (under the identications (17{19) now shown
to be consistent with PCAC) for the in{medium pion. In doing so, the following












































































On the other side, in the ~q ! 0 limit PCAC is determined only by the partial time




















where H stands for the QCD hamiltonian density. By integrating by parts one can























0 i : (26)
As long as the chiral symmetry violating term in the QCD lagrangian corresponds to
the non{zero current quark masses, 
GOR
can be expressed in terms of the averaged
6
current quark mass m
q
and the quark condensate at non{zero density h
e










0 j qq j
e
0 i ; (27)
where the avor independence of the condensate has been assumed. Together with






0 j qq j
e

















































In this way ( with the help of the PCAC-consistent relation (19) ) eq. (14) is exactly
reproduced { in the PCAC scheme on the operator level. If the approximations
from eq. (22) were inserted for 
S
(0; 0) into eq. (28) a seemingly hyperbolic decrease
of the quark condensate with density would be obtained in line with the result
reported in [14]. The reason for this incorrect interpretation of eq. (29) is an incon-
sistent treatment of PCAC on the quark level. The assumption of the validity of
PCAC on the operator level for composite hadrons should not be combined with the
approximations of eq.(22) which do destroy the form of the Migdal propagator as
developed in consistency with PCAC on the current quark level. Note that there is
no compelling reason to derive the GOR relation by exploiting the PCAC hypothe-
sis. If, however, a denite scheme as e.g. PCAC has once been chosen, then all the
quantities have to be calculated only in that very scheme.
A second possibility , to derive the density dependence of the quark condensate in
consistency with PCAC is given by the evaluation of the GOR correlation function
within Migdal's theory of the nite Fermi systems (FFSI) without postulating the
validity of PCAC on the operator level. Within FFSI the in{medium PCAC is
calculated on thematrix element level . This is much closer than the rst approach to
the generating functional approach which correlates the vacuum expectation values
of time-ordered products of eld-operators. The eect of the polarization of the
medium during the propagation of a S{ / P{wave pion on the respective pion weak










) is expressed by means of




































































































































() are then calculated [12] from the re-
quirement (the so{called generalised Goldberger{Treimann (GT) relation) on the



































































































stands for the nucleon eld operator and f
AP




































The latter equation is consistent with the denition of the bare pion weak decay






























! 0 for the vacuum is the justication for the corresponding limit in


































































































































































) accounts for the kinetic term of the S{wave pion self energy.





() has to be interpreted
8
as the weak axial vector decay constant of Migdal's pion (15). It can of course be
constructed directly from the kinetic term of the mean-eld lagrangian (5), more

















































































in agreement with eq. (42) | in case eq.(18) has been inserted. If Migdal's pion














, such that the corresponding inverse pion-propagator has weight one
relative to the time-like @
2
0



























































too, as it should.
The PCAC relation within Migdal's theory is then obtained in evaluating the
















pion weak axial current between in{medium nucleon states by means of eqs. (30{33)





























































































from eq. (42) and in account-
ing for eq. (35) as well as for denition of the pion eld via eq. (37), one obtains the


















































































) i : (46)
The PCAC-consistent relation (19) has been used for the last step. Eq. (46) in fact
means validity of PCAC as operator relation within a nite Fermi system and thus
9
allows the evaluation of the GOR correlator within Migdal's approach along the line
of eq. (24). As a result, also in Migdal's treatment of a dense medium the linear





0 j qq j
e






















































is converted back to the rescaling factor of the
pion eld at zero matter density 
a




at nite matter density
from eq. (15) | in agreement with the generating functional formalism [7]. In this
way the QCD predicted linear decrease of the quark condensate in the medium is, as
expected, recovered. This result shows that it is the quark condensate that depends




; ~q ) as




; ~q ) in fact contains higher




























































In an early work ref. [12] the quantity f
AP

() in eq. (38) was approximated by
the bare pion weak decay constant f

















() in eq. (42) and leads therefore






























































With that, the quark condensate resulting from the evaluation of the GOR correlator












































and thus increasing instead of decreasing with density. This observation underlines
once more the necessity for a careful and consistent treatment of PCAC before ex-
ploiting it for the calculation of measurable and thus model{ or scheme{independent
QCD quantities. There is no real need to refer to PCAC on the composite hadron
level to calculate quantities on the current quark level. However, if one prefers to
work in this scheme, one has at least to apply it without violating consistency re-
lations having their roots in the current quark dynamics. As presented above, the
big virtue of the generating functional scheme is that it allows for a transcription
of the source structures from the current quark level of the underlying QCD to the
eective hadron level without invoking any model assumptions of how the composite
hadrons are built up from the quarks.
10
References
[1] J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158 (1984) 142; Nucl. Phys.
B250 (1985) 465
[2] A. Manohar and H. Georgi, Nucl. Phys. B234 (1984) 189
[3] V. Bernard, N. Kaiser and U.-G. Meiner, Phys. Lett. B309 (1993) 421
[4] G. E. Brown, C.-H. Lee, M. Rho and V. Thorsson, Nucl. Phys. A 567 (1993)
937
[5] J. Gasser, H. Leutwyler and M. E. Sainio, Phys. Lett. B253 (1991) 252
[6] J. Gasser, M. E. Sainio and A.

Svarc, Nucl. Phys. B307 (1988) 779
[7] V. Thorsson and A. Wirzba, Nucl. Phys. A589 (1995) 633
[8] S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177 (1969) 2239
[9] A. Wirzba and V. Thorsson, in Hirschegg '95: Dynamical Properties of Hadrons
in Nuclear Matter, Proc. Int. Workshop 23 on Gross Properties of Nuclei and
Nuclear Exitations, Hirschegg, Austria, Jan. 1995, Eds. H. Feldmeier and W.
Norenberg, GSI-Darmstadt (1995), hep-ph/9502314
[10] E. G. Drukarev and E. M. Levin, Nucl. Phys. A511 (1988) 697; V. Bernard
and U.-G. Meiner Nucl. Phys. A489 (1988) 647; T. D. Cohen, R. J. Furnstahl
and D. K. Griegel, Phys. Rev. Lett. 67 (1991); Phys. Rev C45 (1992) 1881;
M. Lutz, A. Steiner and W. Weise, Nucl. Phys. A542 (1992) 521; A574 (1994)
755
[11] J. Delorme, M. Ericson and T.E.O. Ericson, Phys. Lett. B291 (1992) 379.
[12] E. Kh. Akhmedov and Yu. V. Gaponov, Sov. J. Nucl. Phys. 30 (1979) 692
[13] M. C. Birse, J. Phys. G: Nucl. Part. Phys. 20 (1994) 1537
[14] G. Chanfray, M. Ericson and M. Kirchbach, Mod. Phys. Lett. A9 (1994) 279
[15] M. Kirchbach and D. O. Riska, Nucl. Phys. A578 (1994) 511
11
